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AbstrKt-The stn:s.~ singularities along the edges of a linear elastic laminate consisting of 00 and
olT-allis plies in uniOillial stress are shown to either vanish or be minimized by a special !iber
orientOitiun r.'r the otT-allis plies. The pOirticular orientatiun is obtained analytically using both a
recently prupu'>t.-d specific three-dimensi.'nal constitutive equati.m and the more general constitutive
theury, "ut r,'r lil>cr-dominOited 100minOi. The prescril>cd OIngle is defined by the simple relationship:

0° ~ t.m ~ ,(_~~).
J~;:

where V, is lhe lungitudinal I'.,issun's rati,' of the l'lmina. Tensile tcst dOita arc consistent with the
lheuretieal result.

INTRODUCTION

Continuous fiber composites arc often used as one-dimensional load-bearing members.
Superficially this is an ideal application since these composites have outstanding properties
only in the fiber direction. The danger with using fiber composites in a completely aligned
form is that the other directions are weak and even a slight disturbance can initiate failure
in a transverse mode. The traditional remedy for this problem is to laminate the composite
such that most of the plies are oriented in the primary load-bearing direction with a few
others oriented off this direction to prevent transverse failure. Unfortunately. this lami­
nation procedure cures one problem at the expense of introducing another.

Restricting attention to flat laminates as opposed to structures having closed cross­
sections. the new problem that arises is that of the edge effect. There arc no edge stresses
for an isotropic material specimen with rectangular cross-section in a state of uniaxial stress.
The situation is entirely different for a laminated composite. With plies having various fiber
orientations. a new stress state is created along a traction-free edge. The stresses in each
ply which would exist if there were no edge must be equilibrated between adjacent layers
at a traction-free edge. These stresses arc fiber-dominated and consequently are large in
magnitude. Relative to the applied uniaxial stress they are not negligible. The self-equi­
librated state is a boundary layer effect confined to the vicinity of the edge. The large
magnitude stresses which must be transmitted between adjacent plies of different fiber
orientation must be sustained by the matrix interface between plies and are elastically
singular at the edge. Even though the generated stress state is fiber-dominated. the possible
failure mode due to the interlaminar stresses is matrix-dominated. This is the worst com­
bination of both effects.

tWork performed under the auspices of the U.S. Department of Energy by the lawrence Livennore
Nationallabor'ltory under Contract W.7405·Eng-4R.
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The purpose of the present work is to outline a specific and practical means for
determining fiber orientation angles which eliminate or minimize the edge effect stress
singularities in linear-elastic composite laminates loaded in uniaxial stress.

CONSTITUTIVE EQUATIONS

The lamina level constitutive equation to be used in most of the following analysis is
the form given by:

(I)

where:

m. =cos (J

ml =sin (J

m3 = O.

with (J being the angle from the axis I to the fiber direction and with the plies in the 1-2
plane. This constitutive equation. developed by Christensen (1988) and Christensen and
Zywicz (1990), has properties in (I) given by either

or

(l-v 2)£r
£= z --

I-v ET/El

E
Jl = 2(1 +v)

A =C:v2JJl,

I [ 3(I-v)ET ]

Jl=6 2(I-vzET/Ed +2Jll+JlT

E=2(I+v)Jl

,t = (I :V2V)Jl,

(2a)

(2b)

with El • ET, Vl, Jll and JlT being the five usual transversely isotropic properties determined
with respect to the longitudinal (L) and transverse (T) directions of the lamina. The
form (1) was developed by separating physical effects into fiber-dominated versus matrix­
dominated characteristics and the two forms in (2) will be differentiated shortly.

The corresponding laminate constitutive equation was shown (Christensen and Zywicz,
1990) to be given by:

(3)

where



StRsI singularities in fiber composite laminates

mC
.") =cos 9"

m~") = sin 9"

m~"l =0,
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and where N is the total number of plies.
The tensor form (3) for the laminate can be converted to an explicit engineering

property form. The form (3) applies to any lay-up; however, the application immediately
below will be restricted to orthotropic lay-ups, implying that +9 direction plies are always
accompanied by corresponding - 9 plies. Let

~ _I(~ 2 0 .2 0 )
~<I-N L. cos "Sin".

"- I

(4)

The orthotropic laminate engineering constants are then derived from (3) and are found to
be given by:

(
I-V 12 )Vil = v -­
I-v

(
I-V2 1)

V2l = v -1-­
-v

v

Vll =_v
2

[I + (~)(V2l)]+ (l +v)(I-2v) (~)
(I-v) V21 Vu (I-vl2) E

v

VJ2 =_v2 [1 + (~)(~)]+ (1 +v)(l-2v) (En)
(I-v) VI2 V2l (I-v21) E

$AS 29:IO-C
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En (l-v)-V(VJI +vd
£ = (I +v)(I-2v)

Il~~ = 1+2(I+v)(i -I)~cs

Il~J = IlIJ = Il· (5)

The lamina constitutive relation (I) with either of (2), the laminate form (3) and the
orthotropic engineering properties, eqns (5) are exact when the following two relations are
satisfied by the five transversely isotropic lamina properties:

ilL = IlT

and

(l-vdET

JIT = 2(I-viET /Ed' (6)

When eqns (6) are satisfied, the laminate properties (5) are identical to the properties
predicted by the eX<lct lamination procedure given by Pagano (1974). When relations
(6) are not s<ltisficd, the constitutive equ<ltions and engineering properties are based on
<Ipproximations of only the matrix-dominated properties and the two ditferent forms in (2)
arc two slighlly different approxim<ltions. The fiber-dominated properties EL and VL arc not
approximated in any manner.

ANGLE·PLY LAMINATE REI/AVIOR

Consider an orthotropic lamimtte composed exclusively of equal numbers of plies
oriented at ±() angles, the so-called "angle-ply" laminate. The transverse Poisson's ratio is
given by the engineering constants (5). The relation for v 12 is then:

(7)

This result, and the corresponding through-thickness Poisson's ratio VI) from (5), shows
the same dependence on 0 as that discussed by Herakovich (1984, 1989). The result (7)
exhibits an interesting behavior. If the form

(8)

is substituted into the numerator of (7) then the whole expression reduces to:

(9)

The interpretation of (9) is that the angle-ply laminate has a transverse Poisson's ratio VI2

equal to the longitudinal Poisson's ratio of the lamina v = VL if (8) is satisfied. The appro­
priate angle from (8) is given by:

, I
tan- 0 = -.

v
(10)

Additionally, at this same angle the through-thickness Poisson's ratio VI) is also equal to
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VL' When (10) is satisfied. the angle-ply lay-up has apparently compatible behavior with a
o lamina under a state of uniaxial stress. This possibility for compatible defonnation
between plies will be examined in detail in the following derivation where the implied
restriction to orthotropy will be relaxed. and shear coupling effects will be explicitly con­
sidered.

EDGE SINGULARITY PROBLEM

It is common knowledge that a general laminate consisting of any proportion of plies
oriented at angles 0 from - 90' to 90' will produce edge singularities in the linear elastic
stresses when the laminate is in a state of uniaxial stress (tension or compression). These
free edge-induced stresses have been extensively studied over the past 25 years beginning
with the pioneering works of Hayashi (1967) and Pipes and Pagano (1970). It is now well
known that edge singularities arise from two property mismatches between plies: differences
in Poisson's ratios leading to in-plane transverse stresses and differences in shear coupling
leading to in-plane shear stresses. Indeed. it has been stated that minimization of these
engineering property differences between plies attenuates the edge stresses (Herakovich.
1981). However. other than calculating the dependence of both in-plane transverse and
shear stresses on the ply angle for every material system and lay-up of interest. there is
currently no analytical approach for choosing ply orientations to minimize both of these
effects simultaneously. In fact. the primary focus of previous work has been on optimizing
the stacking sequence ofa fixed lay-up configuration. to minimize interlaminar shear stresses
and to gener.tte compressive through-thickness stresses at the edge (Herakovich. 198\).
This solution to the edge problem sutTers when loads are reversed and through-thickness
stresses become tensile. Other methods suggested by Kim (1989) to reduce the etTeets ofedge
stress singularities include reinforcement of the free edges and hybridization of materials. but
apparently no approach based solely on optimizing fiber orientation to reduce all the edge
cfrects has been proposed.

The goal in the present work is to find ply orientations for whkh the edge singularities
can be forced to vanish. thereby yielding an expected improvement in mechanical per­
formance. The approach wm first utilize 'Ill analysis based on the constitutive relation (I) •
•tnd then the more general theory will be ex"mined.

Consider the O' plies which are part of the laminate. Subject to later verification. it is
assumed these plies have the same stress state as would exist if the laminate were composed
entirely of O' plies. i.e.

(II)

and

(12)

where axis I is the direction of the uniaxial stress. The strain in direction I is normalized
to unity for convenience; thus from (I) the stress in the I-direction becomes:

(13)

Now consider one otT-axis ply oriented at an angle O. For this ply to exist in geometric
compatibility with the 0' ply in the laminate it must have the same strain state for £110 £22

and £12 (12). rewritten with \' = \'L for use with the constitutive relation (I). Then for the
angled ply take
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£11 = I

With the strains (14). the dilatation is given by:

£u = 1-2v.

(14)

(15)

and substituting (14) and (15) into the constitutive relation (I) gives the two components
of in-plane stress which cause edge effects:

O'zz = (1-2v»)'-2vJl+(EL -E)[sin Z Ocos 2 0-vsin4 lJ]

0' 12 = (EL - E)[sin 0 cos J 0 - v sin J 0 cos 0]. (16)

along with a similar expression for the stress in the load direction 0' II' Using;. from either
of (2) in (16). these two stresses become:

O'iz = (EL - E) sin 2 0[cos 2 0 - v sin 2 lJ]

0'12 = (EL - E) sin 0 cos 0[cos 2 0- v sin 2 0].

The two stress components in (17) vanish if 0 = 0* where:

With (18) the complete state of stress from (I) in the 0 lamina is:

( 17)

(18)

(19)

The same state of stress exists for a - 0 lamina if (18) is satisfied. Thus the three-dimensional
states of strain (14) and stress (19) in the 0 (+ or -) plies are completely compatible with
the three-dimensional states of strain (12) and stress (II) in the 0" ply. The absence of stress
components O'u and 0'12 in the 0 plies precludes the existence of edge stress singularities in
laminates composed solely of 0° and 0 plies. Any lay-up angle other than that defined by
(18) will require the presence of stress singularities along the edges of the laminate.

To summarize. for a laminate governed by the line,lr elastic constitutive equation (I)
and loaded in uniaxial stress in the I-direction, there will be no edge stress singularities
along the lateral edges of any of the laminas if the OJ plies are combined with ofT-axis plies
having the prescribed orientation:

(20)

where VL is the longitudinal Poisson's ratio of the basic lamina. This condition is true for
any proportion and any stacking sequence (orthotropy is not required) of the 0° and ±0·
plies. The absence of edge stresses in these laminates is due to the fact that the off-axis ply
under uniaxial stress deforms exactly as the 0° lamina, exhibiting the same Poisson's ratio
and no shear coupling. Consequently, there is no warpage or twisting in unbalanced and
unsymmetrical versions of these laminates.

For relevant values of VL the angle 0· is very close to 60°, e.g.
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(21)

The result (20) is exact from the point of view of three-dimensional linear elasticity theory
down to and including the lamina level when the two matrix-dominated property relations
(6) are satisfied. However, even when they are not satisfied, it will be shown next that the
entire procedure is still applicable as a reasonable approximation.

For composite systems not modeled by the constitutive equation (I), the constitutive
form of classical lamination theory is used as the starting point. These plane stress forms
can be taken as trial forms for the three-dimensional solution of interest here. Proceeding
with the same uniaxial stress formulation, now restricted to an orthotropic laminate, the
transverse stress U22 and shear stress UI2 for the ±0 plies and the transverse stress U 22 for
the o~ ply are all set equal to zero. The system of resulting equations is overdetermined.
comprising three equations in two unknowns 6n and tan 2 O. However, important infor­
mation can be extracted from the system. The equations contain terms of order one. 0 (I).
and of order, O(ET / Ed. For a fiber-dominated system the latter terms are small compared
with the former ones. Accordingly. the system of equations can be set up as a standard
perturbation expansion by taking

tan 2 0 = 'XO+'XI(ET/Ed+'X2(ET/Ed 2 + .. ,

£.22 = Po+{JI(Er/Ed+{J2(ET /Ed 2 +' ... (22)

where the 'X,S and P,S are to be determined. Substituting these exp.msions into the system
of three equations allows a reduction to two equations which differ in the O(Er/Ed terms.
Neglecting the terms O(Er/Ed, then to a first-order approximation the system reduces to:

(23)

which gives the same result for O· found previously in (20). Therefore, when a composite
material is fiber-dominated, the orientation angle (20) still provides the solution that satisfies
the edge condition. In this more general case the stresses, U22 and U I2' which yield edge effects
do not vanish, rather they have magnitudes that are characteristic of matrix-dominated
properties. In this sense, the in-plane stresses that cause the edge singularities are minimized
with respect to fiber-dominated effects (e.g. the applied uniaxial stress). The difference
between the fiber-dominated and matrix-dominated stresses can be as much as an order of
magnitude.

Calculations of transverse normal and in-plane shear stresses in [0,,/ ±8]. laminates
under uniaxial stress were made using classical lamination theory. The magnitude of the
lamina edge traction in the off-axis plies is given by:

(24)

This stress and the 0° ply traction must be equilibrated to zero through a superposed edge
stress giving rise to the edge singularities. For common material systems based on carbon,
glass, boron and aramid fibers, these tractions reached minimum or vanishing values near
the respective O· values. An example of how the edge tractions vary with angle in a [06/ ±O].
laminate ofAS4/3501-6 (Hercules Inc.) carbon/epoxy is shown in Fig. I. These calculations
were based on lamina properties reported by Kim el 01. (1988).

Of the two derivatives leading to the prescribed angle (20). the one based on the
constitutive equation (I) is the stronger. It does not require (ET/Ed « I or orthotropy.
and it leads to an identical satisfaction of the traction-free edge condition without the
presence of edge singularities. The latter derivation is less general in these particulars and
does not admit the limiting case of an angle-ply laminate,
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Fig. I. Ntlrmalized edge tractions in (0.1 till, laminates of AS4/J501-6 under uniaxial stress (711

with [.11 = I.

EXPERIMENTAL RESULTS

In a study of the contribution of free-edge interlaminar stresses to laminate uni.txial
tensile failure, Sun and Zhou (1988) detcrmined the dependence of failure loads on load
direction for [O/60/-60J. quasi-isotropic lamin'ltes. A single panel of AS4/3S01-6 was uscd
to machine specimens for testing along 0", 10',20" and 30" din:ctions meusured with respect
to the 0" plies. Following the analysis presented here and using ,I reported value 01'0.3 (Kim
et al.. 1988; Sun and Zhou, 1988) for the bmina 10ngitudin'll Poisson's ratio of this
composite material. the criticul angle for minimization of interlaminar stresses is culculated
from (20) to be 60.9'. Consequently. the particular quasi-isotropic lay-up sekcted for these
tests should be free of significant interl'lminar stresses only when tested along the 0"
direction.

The highest strengths measured by Sun and Zhou (1988) were in the 0') tests. It was
ascertained that fuilure along this direction was unaffected by interlaminar stresses and was
adequately predicted using classical lamination theory to determine ply failure. Strengths
of specimens tested off-axis at 10", 20" and 30" were found to be approximately half those
measured along the 0" direction. This degradation in strength was attributed to failure due
to the interlaminar stresses generated in off-axis loading. The lowest tensile strengths were
obtained with the 30') test, the case in which the calculated interlaminar stresses were most
severe. This test corresponds to the uniaxial loading of a [30/90/-30], laminate. Normal
through-thickness interlaminar stresses are predicted to be tensile for this stacking sequence;
hence they can contribute to edge delamination. A change in the stacking sequence of the
quasi-isotropic laminate comprised of90° and ± 30" plies can cause the normal interlaminar
stresses to become compressive and therefore less detrimental. However, the interlaminar
shear stresses can still contribute to edge failure. To determine the tensile strength of a
related laminate designed to generate compressive through-thickness normal edge stresses,
a small test program was conducted.

A quasi-isotropic [0/ ±60h, lay-up was used for static tensile tests in two directions:
parallel and perpendicular to the 0" plies. A single panel of AS4/3S01-6 was fabricated
according to manufacturer's specifications and tested according to ASTM-D3039 pro­
cedures by Integrated Technologies, Inc. (Bothell, WA). Testing along the 0" direction
corresponds to tests performed by Sun and Zhou (1988) along the same direction. Loads
along a 90" direction are applied to a [90/ ±30b. lay-up which, in contrast to the test of a
[30/90/-30]. laminate by Sun and Zhou. is expected to experience compressive through­
thickness intcrlaminar normal stresses.
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The particular lay-up [0/ ±6Oh. was chosen for several reasons. First. the in-plane
elastic properties are independent of direction. Second. loading along directions parallel
and perpendicular to the 0° plies nearly minimizes in the former case and maximizes in the
latter case the interlaminar stress effects. Therefore. a single panel can be used to test the
effects of ply interaction without complications due to variable composite quality as defined
by fiber content. waviness and distribution. void content and degree of matrix cure. Third.
because the lay-up is isotropic in thermal expansion behavior. the magnitudes of the in­
plane residual stresses are equivalent in the two perpendicular test directions. However. the
sign of these stresses varies between plies. For the chosen lay-up stacking sequence the 0'
test exhibits transverse tension in the outer (0°) plies and the 90' test exhibits transverse
compression in the outer (90 -') plies. These transverse stresses promote through-thickness
edge stresses which are tensile for the 0° test and compressive for the 90' test. Fourth. as
previously mentioned. the stacking sequence was selected to promote through-thickness
compressive edge stresses in the 90° tensile test. (The corresponding stresses in the 0" test
should be negligible.) Thus it is seen that in terms of the through-thickness edge stress. the
stacking sequence of the lay-up [0/ ±60b is the worst case in the 0' test due to the residual
stresses and is the best case in the 90" test due to both the thermal stresses and those
produced in uniaxial tension.

The results of tensile testing five coupons each in the two perpendicular directions arc
summ'lrizcd in Table I. Average values of tensile moduli were identical to within 5%. This
agreement is comparable to that found by Swanson and Trask (1989) for off-axis tensile
loading of [0/ ±45/901, quasi-isotropic cylinders of AS4/3501-6 and is confirmation of the
in-plane isotropy of the clastic properties of the lay-up. In contrast. tensile strength was
not isotropic. The average ultimate tensile strength of the laminate along the 0' direction
was 32% greater than that me.lsured along the 90" dirc.:ction. Typical stress-strain curves
for each test dirt:ction arc shown in Fig. 2. 80th tests exhibited audible cracking in the
range of 0.6- 0.8% strain. which was presumably due to the transverse tensile failure of the
±6()' .md 90' plies in the parallel and perpendicular tests. respectively. The inability of the
predominant load-bearing ± 30" plies in the 90" tests to carry as much load as the 0" plies
in the 0' tests is most likely due to the large in-plane shear stresses and resultant interlaminar
stresses experienced by the former. Thus it is seen that despite ellorts to alleviate the
detrimental elli:cts of through-thickness tensile interlaminar stresses in a 90". ± 30" laminate
by a judicious choice of stacking sequence. performance in uniaxial tension is still inferior
to that of a 0". ± 60" laminate.

Absolute values of in-plane tensile modulus and strength given in Table I are lower
than values reported by Sun and Zhou (1988) and by Swanson and Trask (1989) for quasi­
isotropic lay-ups of AS4/350 1-6 coupons and tubes. respectively. This discrepancy is due

Table I. Tensile test results ror AS4/3501-6 quasi-isotropic lay-up
[O/±60b.

Specimen Test Tensile Tensile Tensile strain
to direction modulus strength at railure

number \) (GPa) (MPa) (%)

LLI·W-J-I 0 45.2 562 1.24
LLI-W-J·2 0 42.9 571 1.33
LLI-W-J-3 0 43.5 5116 U5
LLI-W·I-4 0 44.0 566 1.29
LLI·W-J·5 0 44.6 599 1.34

Mean 44.0 S77 1.31
Coc:ITIcient or 2.02 2.611 3.41
variation (%)

LLI-F-I-I 90 42.0 437 1.04
LLI·F-J·2 90 41.7 435 1.04
LLI-F-I-3 90 42.9 446 1.04
LLI-F-J4 90 41.5 430 1.03
LLI-F-(-5 90 41.2 441 1.07

Mean 41.9 438 1.1)4

Coefficient or 1.53 1.57 1.45
variation (%)
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Fig. 2. Typical tensile behavior of (0/ ±601. laminates of AS4/3501-6 tested along O' and 90"
directions.

to a lower fiber volume fraction in the specimens tested in the present study. Cured ply
thicknesses averaged 0.17 mm instead of the 0.13 mm commonly reported for this material
system. Strength v.dues can be compared by normalizing to an equivalent ply thickness.
However. comparison of failure strains is a more direct apprmtch. The average 1.31 % strain
at failure measured along the 0" direction is virtually identical to the fiber strains at failure
measured by Swanson and Trask (1989) using tubular specimens. Tubular specimens do
not sutTer from the edge stress singularities since there is no free edge in the gage section.
Thus. the agreement in failure strains between tubular specimens and the 0" tests in this
study suggests there is little effect. if any. of interlaminar stresses on the tensile performance
of the latter. This conclusion is in complete accord with that reached by Sun and Zhou
(1988) for failure of [0/60-60). laminates loaded along the 0" direction.

CONCLUSIONS

An analytical approach to eliminate or minimize edge stress singularities in fiber
composite laminates via ply orientation has been proposed. Use of the prescribed lay-up in
one-dimensional load-bearing composite structures should improve performance over that
obtained with any other otT-axis ply orientation. Although improvement in static tensile
strength due to the judicious choice of fiber orientation has been demonstrated. the more
important use for the analytical results of this study is in designing composite structures
for fatigue loads. Elimination or minimization of the edge stress singularities should result
in a structure which is more resistant to delamination and damage accumulation under
cyclic loading.

AcknuM'led.qemenls-R. M. Christensen is appreciative of support from the Office of Naval Research. Dr Y.
Rajapakse. and S. J. DeTeresa acknowledges the generous support of the U.S. .'\nny Ballistic Research Laboratory.
Dr Brul:e Bums. The authon wish to express sincere thanks to Mr Peter Nackowski of the Composites Products
Group of Hercules Aerospace Co. for supplying the AS4/3501·6 prepreg tape and to Mr Grcg Strand and Ms
Farz Narcisso of Integrated Technologies. Inc. for their assistance in specimen fabrication and testing.

REFERENCES

Christensen. R. M. (1988). Tensor transfonnations and failure criteria for the analysis offiber composite materials.
J. Compo Maler. %%. 874-897.

Christensen. R. M. and Zywicz. E. (1990). A three-dimensional constitutive theory for fiber composite laminated
media. J. Appl. Mech. 57. 948-955.



Stress singularities in fiber composite laminates 1231

Hayashi. T. (1967). Analytical study of interlaminar shear stresses in a laminate composite plate. TrQIIJ. Japan
Soc. Amm. cI Spac~ Sci. 10(7).43-48.

Herakovich. C. T. (1981). On the relationship between engineering propenies and delamination of composite
materials. J. Compo Mater. IS. 33&-348.

Herakovich. C. T. (198-l). Composite laminates with negative through thickness Poisson's ratios. J. Compo Mat~r.

16, 447~55.
Herakovich. C. T. (1989). Effects of morphology on propenies of graphite composites. Carbon 27(5). 66J-678.
Kim. R. Y. (1989). Experimental observations of free-edge delamination. In Int~rlaminarR~spons~of Composit~

Materials (Edited by N. J. Pagano). Elsevier. Amsterdam.
Kim. R. Y.• Abrams. F. and Knight. M. (1988). Mechanical chardcterization of a thick composite laminate.

Proceedings of the American Society for Composites. Jrd Technical Conferenc~. Technomic. Lancaster. PA.
Pagano. N. J. (1974). Exact moduli of anisotropic laminates. In Mechanics of Composites Materials (Edited by

G. P. Sendeckyj). Vol. 2. Academic Press. New York.
Pipes. R. B. and Pagano. N. J. (1970). Interlaminar stresses in composite laminates under uniform axial extension.

J. Compo Mater. 4. 538-548.
Swanson. S. R. and Trask. B. C. (1989). Strength of quasi-isotropic laminates under off-axis loading. Compo Sci.

Tech. .34. 19-34.
Sun. C. T. and Zhou. S. G. (1988). Failure of quasi-isotropic composites laminates with free edges. J. Reinforced

Plast. Compo 7. 515-557.


